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1. INTRODUCTION 

In undergraduate Olympiad competitions, combinatorial and discrete mathematics problems 

always play an important role in evaluating the cognitive capacity and logical organization skills of 

learners. However, the reality of teaching and training teams shows that many students, although 

grasping the basic formulas of permutation, arrangement, and combination, encounter many 

difficulties when dealing with conditional counting problems. 

The main cause does not lie in computational techniques, but in the fact that students lack a 

system of cognitive strategies to approach the problem: when to partition, when to use the 

inclusion-exclusion principle, and when to find a bijection to convert the problem into a familiar 

form. The objective of this paper is not to restate the basic knowledge of combinatorial algebra, but 

to systematize some common counting problem-solving strategies in undergraduate Olympiad 

training, and simultaneously analyze the role of each strategy through several representative 

problems. Through this, the paper contributes to supporting teaching efforts in a direction that 

develops strategic thinking, rather than just practicing computational techniques. 

2. METHODOLOGICAL FRAMEWORK FOR APPROACHING COUNTING 

PROBLEMS 
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In teaching and Olympiad training, many students face difficulties when solving counting 

problems, not because of a lack of formulas, but due to not yet having a systematic approach. 

Equipping learners with several orientational methodological frameworks will help them quickly 

identify the structure of the problem and choose the appropriate strategy right from the start. Within 

the scope of this paper, we focus on four pillars of cognitive methods that frequently appear in 

Olympiad-level counting problems:  

(1) Partition of the sample space and counting rules. 

(2) The principle of inclusion-exclusion.  

(3) Permutation - configuration - structure thinking.  

(4) The mapping method. 

The four methods above are not isolated but are often combined flexibly. Classifying 

problems according to these approaches has clear pedagogical significance, helping students form 

an orientational thinking framework. 

3. SOME PRACTICE PROBLEMS 

3.1. Form 1. Partitioning the sample space and counting rules 

a) Basic. This method is based on the idea of dividing the set of configurations to be counted 

into mutually exclusive subclasses that cover the entire sample space, so that each subclass can be 

counted using basic rules. The partitioning criterion is usually a structural feature that directly 

affects the problem's conditions (the first digit, the last digit, a property determining validity, etc.). 

Partitioning helps strictly control constraints and limit errors caused by omission or duplicate 

counting. In number-formation problems, students often directly apply permutation or arrangement 

formulas. When the problem comes with constraints (the first digit cannot be 0, the number must be 

even, no repeating digits, etc.), a purely formulaic approach easily leads to omissions or double 

counting. 

b) Method idea. The main method is: Partition the sample space into subclasses based on an 

important structural feature, then count each class separately and add the results. 

Example 1. Given the set 
 0,1,2,3,4,5,6,7,8,9A=

. Perform the following requirements: 

a) From A , how many even natural numbers can be formed, where each number has 4 

distinct digits? 

b) From A  how many natural numbers divisible by 3 can be formed, where each number 

has 3 distinct digits? 

c) From 
 \ 0;9A

 how many natural numbers can be formed, where each number has 6 

distinct digits? Calculate the sum of the found numbers? 

a) Analysis. We need to partition based on the last digit being even and the thousands digit 

being different from , with the digits being distinct. Therefore, we can count directly, combined with 

combinatorial algebra formulas. Specifically: 

Let the required number be abcd , where , , ,a b c d A . 
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- If 0d = : there is 1 way to choose d. The numbers , ,a b c  are chosen 3 from the remaining 

9 numbers, there are 
3

9A
 ways to choose. This case has: 

3 3

9 91.A A=
 satisfying numbers. 

- If 
 2,4,6,8d

: there are 4 ways to choose d . Because 0a  , a  has 8 ways to choose. 

Meanwhile ,b c  are chosen from the remaining numbers, so there are 
2

8A
 ways to choose. This case 

has: 
2 2

8 84.8. 32.A A=
 satisfying numbers. 

Conclusion: there are 
3 2

9 832. 980A A+ =
 satisfying numbers. 

b) Analysis. We can form groups of 3 digits whose sum is divisible by 3. However, this 

method is quite lengthy and prone to errors during the grouping process. Due to the property of 

divisibility, using an approach based on modulo 3 congruences will be much more concise. 

Specifically: 

We divide the groups according to the remainder when divided by 3 as follows:  

Group (I): 
( )0;3;6;9 0 mod3

. Group (II): 
( )1;4;7 1 mod3

. Group (III): 

( )2;5;8 2 mod3
. 

Triplets of numbers with a sum divisible by 3 are formed within each group and by 

combining the groups: - In group (I): Any triplet from the group has a sum divisible by 3, so there 

are 
3

4 4C =
 triplets;  

- In group (II): Each number in the group leaves a remainder of 1 when divided by 3, so only 

when all three numbers are taken together will their sum be divisible by 3, hence, there are 
3

3 1C =
 

triplets;  

- In group (III): Each number in the group leaves a remainder of 2 when divided by 3, so 

only when all three numbers are taken together will their sum be divisible by 3, hence there are 
3

3 1C =
 triplets;  

- Combining three groups: We see that we can only take 1 number from each group to 

satisfy the condition: 1 number from group (I): has 4 ways to take; 1 number from group (II): has 3 

ways to take; 1 number from group (III): has 3 ways to take. Thus, there are 4.3.3 36=  satisfying 

triplets. 

So there are a total of 4 1 1 36 42+ + + =  triplets of numbers with a sum divisible by 3. 

Among them:  

There are 12 triplets containing the number 0, so the number of numbers formed from these 

12 triplets is: 
( )3 212 48P P− =

 numbers. 

There are 30 triplets not containing the number 0, so the number of numbers formed from 

these 30 triplets is: 330. 180P =
 numbers. 

So there are altogether:: 48 180 228+ =  numbers satisfying the problem.  
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c) Analysis. Forming numbers that satisfy the problem's requirements uses a basic formula. 

We only need to pay attention to how to calculate the sum of the found numbers, since the roles of 

the appearing digits are equal, so we use the number structure formula, counting the number of 

times each digit appears in each decimal place. Specifically as follows:. Let the required number be 

1 2 3 4 5 6a a a a a a
, where 

  1\ 0;9 , 1,6, 0ia A i a = 
. Then: The number of natural numbers, each with 

6 distinct digits formed from 
 \ 0;9A

 là: 
6

8A
 numbers. 

We have: 1 2 3 4 5 6a a a a a a
=

5 4 3 2

1 2 3 4 5 6.10 .10 .10 .10 .10 .a a a a a a+ + + + +
 

Each number 
,  1,6ia i =

 appears in each place 
5

8A
 times (equal to the number of ways to 

arrange 5 elements taken from the remaining 8 elements into 5 positions). from the remaining 8 

elements into 5 positions 
( ) ( )5 5 4

8 . 1 2 ... 8 . 10 10 ... 10 1S A= + + + + + + +
. 

Remark. Through the above examples, we see that the essence of the solution does not lie in 

the formula, but in correctly selecting the partitioning criteria to control the newly arising constraint 

conditions to choose which formula. Each of the above problems has many different ways to solve, 

and each method offers suitable approaches in line with the chosen method. Learners can propose 

similar, more general problems to practice. 

3.2. Form 2. Partitioning problems according to the inclusion-exclusion principle 

a) Basis. The inclusion-exclusion principle is used when directly counting “good” 

configurations is difficult, whereas counting “bad” configurations or those violating conditions is 

simpler. In such cases, we start from a large, easily countable set, then sequentially remove 

inappropriate configurations and add back the parts that have been subtracted multiple times. The 

key point is correctly identifying the configuration classes to be excluded and properly controlling 

their intersections. Based on the principle of logical negation: An event A can happen or not happen 

in n cases. Therefore, if there are k cases for event A to occur, then there are n - k cases for event A 

not to occur.  

b) Method idea. Based on the above principle, we need to determine A  and A , choosing the 

easier-to-count option. Special attention must be paid to whether the intersections of sets are equal 

to   or different from  . This mainly relies on partitioning the sets: Let 
X

 be the number of 

elements (or cardinality) of a finite set X , assuming 
,  1iX i n 

 are finite sets:  

+ If 1

n

i

i

X
=

=
 then: 11

n n

i i

ii

X X
==

=
. 

+ If 1

n

i

i

X
=


 then:  

1 11

n n

i i i j

i i j ni

X X X X
=   =

= −  ( )
1

1 1

...... 1
n

n

i j k i

i j k n i

X X X X
−

    =

+ − + −
. 
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Example 2. A team consists of 18 students, among which there are 7 12th graders, 6 11th 

graders, and 5 10th graders. How many ways are there to select a group of 8 students to attend a 

summer camp such that each grade has at least 1 selected student?.  

Analysis. This problem can be directly tabulated to count, but it is quite lengthy (20 cases). 

When the number of direct counting cases is quite large, we should consider the negation method 

for exclusion. First, find the cases that do not satisfy the conditions, meaning there is a grade with 

no students selected; since the number of selected students is greater than the number of students in 

each grade, the number of occurring cases is quite small compared to direct selection.  

Solution. we find the unsatisfied cases: There are grades whose students are not selected: 

- Not selecting 10th graders: The number of selection ways is 
8

13C
. 

- Not selecting 11th graders: The number of selection ways is 
8

12C
. 

- Not selecting 12th graders: The number of selection ways is 
8

11C
. 

The total number of ways to choose 8 students from 18 students is 
8

11C
. 

So the number of satisfying selection ways is: 
( )8 8 8 8

18 13 12 11 41811C C C C− + + =
. 

Remark. Through the above math type, after direct and indirect analysis, choosing an 

appropriate method also depends on the number of objects to be selected and given objects; there is 

no optimal method for a general problem. 

Example 3. A class has 40 students, among which 20 students are good at Math, 21 are good 

at Physics, 22 are good at Chemistry; 8 are good at Math and Chemistry, 11 are good at Physics and 

Chemistry, 5 are good at all three subjects. Given that each student in the class is good at at least 

one subject. Find the number of students who are good at both Math and Physics. 

Analysis. From the hypotheses and the problem's requirements, we clearly see the inclusion-

exclusion principle for sets. Name the sets and determine the number of their elements, then apply 

the formula for the cardinality relations of sets. 

Solution. Let ,  ,  L H T  respectively be the sets of students good at Math, Physics, and 

Chemistry. The hypothesis gives the results: 

20T =
; 

21L =
; 

22H =
; 

8T H =
; 

11L H =
; 

5T L H  =
; 

40T L H  =
.  

We must find 
T L

. Using the inclusion-exclusion principle formula for 3 sets, we have:  

T L H T L H T L T H L H T L H  = + + −  −  −  +  
. 

Or 
40 20 21 22 8 11 5T L= + + −  − − + 20 21 22 8 11 5 40 9T L  = + + − − + − =

. 

So there are 9 students good at both Math and Physics.  

Remark. This type of problem can use Venn diagrams to represent the sets to solve; the 

advantage is that it is quite visual. However, determining the unions and intersections of sets along 

with the whole is quite complex, only suitable for basic problems. 
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Example 4. Given set A  consisting of the first 16 positive integers. Find the smallest 

positive integer k with the property: In every subset containing k elements of A , there always exist 

two distinct numbers ,a b  such that 
2 2a b+  is a prime number. 

Analysis. From the hypothesis that 
2 2a b+  is a prime number 

2 2a b+  cannot be an even 

number, or ,a b  must have different parity (even/odd). Based on that, we construct set T as a subset 

of set A   of pairs of numbers 
( );a b

 that satisfy the problem, using Dirichlet's principle to get the result. 

Solution. Suppose k  is a positive integer such that in every subset with k  elements of set A  

there always exist two distinct numbers ,a b  such that 
2 2a b+  is a prime number. We consider the 

set T of even numbers belonging to set A . Then 
T = 8

 and for all a,b T , we have 
2 2a b+  is a 

composite number when k 9 . 

We partition 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1;2 3;4 5;16 6;15 7;12 8;13 9;10 11;14A=       

. 

We see that the sum of the squares of each pair above is a prime number. 

Considering T  as a subset of A  and 
T = 9

, then according to Dirichlet's principle, T  will 

contain at least one of the above pairs, in other words, in T  there always exist two distinct numbers 

,a b  such that 
2 2a b+  is a prime number. Thus k  the smallest required number k   is 9k = . 

Remark. As analyzed, we see: Since 
2 2a b+  is a prime number 

2 2a b+  cannot be an even 

number, or ,a b  phải khác tính chẵn, lẻ. must have different parity. Based on that, we successfully 

constructed set T . To find the partitioning of set A  into the union of 8 disjoint pairs as above, we do 

the following: We list all numbers 
, 1,16ia A i =

 such that 
2 2,( 1,16)ii a i+ =

 is a prime number. The 

above partitioning is not unique. 

Example 5. How many distinct natural numbers not exceeding 1000 are multiples of 10, 15, 

35, 55?. 

Analysis. From the problem, we think of partitioning the sets that satisfy each condition, 

then combining groups of 2, 3, 4 sets, using the inclusion-exclusion principle for 4 sets. 

Solution. Let  

 1 1,1000, 10S n n= =
;

 2 1,1000, 15S n n= =
;

 3 1,1000, 35S n n= =
;

 4 1,1000, 55S n n= =

. 

We have: 
1

1000
100

10
S

 
= = 
  ; 

2

1000
66

15
S

 
= = 
  ; 

3

1000
28

35
S

 
= = 
  ;  

4

1000
18

55
S

 
= = 
  ; 

On the other hand: 

 1 2 1,1000, 30S S n n = =
, 

 1 3 1,1000, 70S S n n = =
, 

 1 4 1,1000, 110S S n n = =
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 2 3 1,1000, 105S S n n = =

, 
 2 4 1,1000, 165S S n n = =

, 

 3 4 1,1000, 385S S n n = =
. 

Therefore: 
1 2 1 3 1 4

1000 1000 1000
33;  14;  9;  

30 70 110
S S S S S S

     
 = =  = =  = =     

       

 
2 3 2 4 3 4

1000 1000 1000
9;  6;  2

105 165 385
S S S S S S

     
 = =  = =  = =     

      . 

Similarly:  
 1 2 3 1,1000, 210S S S n n  = =

;
 1 2 4 1,1000, 330S S S n n  = =

; 

     
 1 3 4 1,1000, 770S S S n n  = =

; 
 2 3 4 1,1000, 1155S S S n n  = =

. 

Thus:    
1 2 3 1 2 4

1000 1000
4; 3

210 330
S S S S S S

   
  = =   = =   

    ;  

1 3 4

1000
1

770
S S S

 
  = = 

  ; 
2 3 4

1000
0

1155
S S S

 
  = = 

  . 

Finally: 
 1 2 3 4 1,1000, 2310S S S S n n   = = 1 2 3 4

1000
0

2310
S S S S

 
    = = 

  . 

So: 

4

1 2 3 4 1 2 3 4

1 1 4 1 4

i i j i j k

i i j i j k

S S S S S S S S S S S S S S
=       

   = −  +   −     
 

         
( ) ( ) ( )100 66 28 18 33 14 9 9 6 2 4 3 1 0 0 147= + + + − + + + + + + + + + − =

. 

3.3. Permutation - configuration - structure thinking 

a) Basis. In many counting problems, the objects to be counted are not just individual 

elements, but configurations formed from the arrangement or organization of objects according to 

certain relationships. This approach emphasizes analyzing the problem's structure, such as 

symmetry, invariance, or equivalent configuration classes. Configuration-oriented thinking helps 

learners correctly identify the “objects to be counted” and avoid errors due to double counting, 

especially in problems related to circular permutations, symmetry, or special structures. 

c) Core idea. We swap the positions/labels/roles of the objects to: standardize the problem, 

discover symmetry, and group multiple cases into a single form. 

Identification signs: The objects are “fundamentally identical”, positions are just labels, and 

the result remains unchanged when swapping their places. 

Example  6. How many binary strings of length n do not contain two adjacent 1s?. 

Analysis. Let na
 be the number of binary strings of length n  that do not contain “11”. We 

do not count directly, but consider the structure of the string according to the first character. 

Solution. Let na
 be the required number of strings, then: 
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- If the string starts with the number 0, then the rest is any valid string of length 1n− . 

Therefore, this case has 1na −  ways. 

- If the string starts with 1, the next character must be 0, then the rest is any valid string of 

length 2n− . Therefore, this case has 2na −  ways. 

Thus 1 2n n na a a− −= +
, ,  3n n  . 

When 1n = : 1a
 is the number of binary strings of length 1 not containing “11”  which arre: 

0;1. So 1 2a =
. 

When 2n = : 2a
 is the number of binary strings of length 2 not containing  “11”  which are: 

00;01;10. So 2 3a =
. 

Conclusion: 2n na F +=
, where nF

 is the Fibonacci sequence: 

1 2 2 11,  ,  *n n nF F F F F n+ += = = + 
. 

Example 7. Find the number of permutations of the set 
 1,2,...,n

such that there are no 

fixed points (no element repeats its position). 

Analysis. This problem has many approaches; we will analyze it in the direction of structural 

thinking by modeling, then use the inclusion-exclusion principle to eliminate the unsatisfied cases. 

Solution: 

Step 1. Modeling the problem: Consider all permutations of set 
 1,2,...,n

, the quantity is !n . 

A fixed point is an index i  such that 
( )i i =

. We need to count the number of permutations 

without any fixed points. 

Step 2. Consider the unsatisfied sets: For each 
 1,2,...,i n

, let iA
 be the set of 

permutations where i  is a fixed point. Then, the permutations with at least one fixed point are 

1

n

i

i

A
= . 

Step 3. Calculate the sizes of the sets: Fixing position i , and permuting the 1n−  remaining 

elements, yields: 
( )1 !iA n= −

. 

Fixing k  elements leaves n k−  remaining elements to be arranged in n k−  positions, 

therefore:  

( )
1 2

... !
ki i iA A A n k   = −

. 

So the number of permutations with at least one fixed point is: 
( ) ( )

1

1

1 !
n

k k

n

k

C n k
−

=

− −
. 
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Step 4. Subtract from the total number of permutations the unsatisfied ones: The number of 

permutations with no fixed points is:  

( ) ( )
1

1

! 1 !
n

k k

n

k

n C n k
−

=

− − − ( ) ( )
0

1 !
n

k k

n

k

C n k
=

= − −
( )

0

1
!

!

k
n

k

n
k=

−
= 

. 

This sum is called a derangement (subfactorial), denoted: !n . Expanding it, we have:  

( )
1 1 1 1

! ! 1 ... 1
1! 2! 3! !

n
n n

n

 
= − + − + + − 

  . 

So the number of permutations of 
 1,2,...,n

without fixed points is: 

( )
1 1 1 1

! ! 1 ... 1
1! 2! 3! !

n
n n

n

 
= − + − + + − 

  . 

Example. How many binary strings of length n are there such that every 1 stands between two 0? 

Analysis. The problem requires counting binary strings of length n  such that every number 

stands between two numbers, meaning every 1 is located within a 010 block. Configuration: Every 

1 is necessarily accompanied by a 0 on the left and a 0 on the right. Therefore, each 1 fully occupies 

a 010 block. Between the 010 blocks, there can be additional 0s, and both ends of the string can 

only be 0. 

Solution. Suppose the string has exactly k  1. Then: The string has 010 blocks occupying 

length 3k . The remaining 3n k−  0 have not yet been grouped into any block, they are arranged into 

1k +  positions  (before the first block, between the blocks, after the last block). 

Thus, we arrange 
( )1 1k + −

 numbers into the 
( ) ( )3 1 1n k k− + + −

 positions. 

So the number of distribution ways is: ( ) ( )
( )1 1

23 1 1

k k

n kn k k
C C

+ −

−− + + −
=

. With 

0,1,...,
3

n
k

 
=  

  , the total 

number of satisfying strings is: 

3

2

0

n

k

n k

k

C

 
 
 

−

=


. 

Remark.  This is a purely structural thinking solution: identifying the basic 010 block and 

then distributing the rest.  

3.4. Form 4: Counting problems using the mapping method 

a) Basis. In counting problems, bijections and mapping strategies are very powerful tools. 

They help us count indirectly by transforming a hard problem into a familiar and easier one. 

b) Method idea. If a bijection can be established between two sets, it allows transforming a 

complex counting problem into a simpler one but with the same cardinality, through an appropriate 

encoding of configurations. Suppose we have two finite sets X and Y . A mapping :f X Y→  is a 

rule assigning each element of X  to an element of Y . In counting, we often use mapping to 

compare the number of elements of two sets: 
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f  is an injection: 
( ) ( )1 2 1 2 1 2, ;x x X x x f x f x    

: 
X Y

. 

f  f is a surjection: y Y x X     để 
( )y f x=

: 
X Y

. 

f  is a bijection if f  is injective and surjective: 
X Y=

. 

Example 9. Let ,  m n  be positive integers with m n . Calculate the number of positive 

integer solutions  
( )1 2, ,..., mx x x

 of the equation 1 2 ... mx x x n+ + + =
. 

Analysis. This is not an equation-solving problem, but a configuration counting problem. We 

note the need for a fixed sum of m  variables equal to n  and each variable 
1,  1..ix i m =

. This 

suggests dividing it into multiple positive parts. 

Each solution 
( )1 2, ,..., mx x x

 can be understood as: There are n  identical units divided into 

m  consecutive groups, where group ix
 has i  units. Therefore, a bijection can be constructed for 

counting. 

Solution. Notation: An asterisk * represents 1 unit, a vertical bar | is the dividing boundary 

between groups. Because 
1ix 

 then: Do not place the | mark at the beginning or end, only place it 

between the *. marks. Thus, we have n  *  marks and 1n−  suitable spaces. We construct the 

correspondence as follows:. Each solution 
( )1 2, ,..., mx x x

 corresponds to each way of placing 1m−  

bars into 1n−  spaces, this is a bijection, transforming the problem into a combinatorial form. 

Specifically as follows: 

Line up n   * marks in a row and place 1m−  bars into the 1n−  spaces between the stars. 

Each way of placing the bars uniquely determines a positive integer solution 
( )1 2, ,..., mx x x

 

of the equation 1 2 ... mx x x n+ + + =
, and conversely, we get a bijection between the number of 

positive integer solutions of the equation and the number of ways to choose 1m−  spaces out of 

1n−  spaces.  

The resulting number of positive integer solutions of the equation is 
1

1

m

nC −

− . 

Example 10. Given set S  consisting of all integers in the segment 
 1;2025

. Let T  be the 

set consisting of all non-empty subsets of S . For each subset X  belonging to T , let 
( )m X

 denote 

the arithmetic mean of all numbers in X . Let: 

( )
T

m X
m

T
=


 where the sum is taken over all 

subsets X  belonging to T . Calculate the value of m . 

Analysis. Let's consider what role each number k S  có plays in the final arithmetic mean?. 

Are their roles equal?. To see that, we construct a bijection to show that the roles of the elements are 

equal.  
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Solution. Construct the mapping :f X X→ , 2025x x−  with x X . Then it is easy to 

see that f  is a bijection. 

Note that: 
( ) ( )( ) 2006m X m f X+ =

. This implies every element of S  contributes equally 

to the average of the values of 
( )m X

. Therefore m  equals the arithmetic mean of the numbers in S . 

Thus: 

1 2 ... 2025 2026
1013

2025 2
m

+ + +
= = =

. 

Remark. The problem can be generalized for a set S  having n  numbers. 

Example 11. Five dice are rolled sequentially. How many possibilities are there for the total 

number of dots on the 5 dice faces to be 14?. 

Analysis. We see that the result of the total number of dots appearing on the 5 dice 

corresponds to the solutions of the equation 1 2 3 4 5 14x x x x x+ + + + =
, with 

1 6,  1..5ix i  =
. 

Looking at the condition 
1 6,  1..5ix i  =

, we see there are both upper and lower bounds. So we 

need to remove the lower bound using a substituted variable and remove the upper bound using the 

inclusion-exclusion principle. This is exactly the way of “standardizing the space” to construct a 

bijection.  

Thus, if we let 
1,i iy x= −

 we have 1 2 3 4 5 9y y y y y+ + + + =
, with 

0,  1..5iy i =
. 

Then exclude the unsuitable cases where a group is not less than 6. 

Solution. Each result when rolling 5 dice corresponds to an ordered tuple 
( )1 2 3 4 5, , , ,x x x x x

 

satisfying 
1 6ix 

 and 1 2 3 4 5 14x x x x x+ + + + =
. Considering the correspondence: 

1,  1..5i ix y i→ + =
 we get a bijection with the solutions satisfying 1 2 3 4 5 9y y y y y+ + + + =

 with 

0 5,  1..5iy i  =
.  

If we remove the condition
5iy 

 the number of solutions is 
4

13C
. 

The violating solutions are those having exactly one index i  sao cho 
6iy 

. 

Therefore, if we let 
' 6i iy y= −

 then 
'

2 3 4 5 3iy y y y y+ + + + =
. This equation has 

4

7C
 

solutions, there are 5 ways to choose i . Since it is impossible to have two values 
6iy 

, the number 

of satisfying cases is
4 4

13 75. 540C C− =
. 

Example 12. Calculate the arithmetic mean of the natural numbers 1 2 2026...N a a a=
 

consisting of 2026 digits satisfying: N  is divisible by 9 and the digits of N  are in the set 

 1,  2,  3,  4,  5,  6,  7,  8
.  
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Analysis. We see that 9N   the sum of the digits of N  is divisible by 9. This condition 

only depends on the sum of the digits, not on the position of the digits. This is very favorable for 

creating digit permutations according to each position. 

Observing the set of digits 
 1,  2,  3,  4,  5,  6,  7,  8

 we notice the property : 

If
 1,  2,  3,  4,  5,  6,  7,  8ia   1,  2,  3,  4,  5,  6,  7,  89 ia − 

, this is a set symmetric across 4.5. 

This suggests constructing the mapping: 
9i ia a −

. 

Solution. Let M  be the set of numbers satisfying the problem's requirements. We build the 

correspondence :f M M→ , with each 1 2 2026...N a a a M= 
 corresponding to 

( ) 1 2 2026...f N bb b=
 

with 
9i ib a= −

 for all 1..2026i = .  

Vì 
( )

2026

 99...9N f N+ =

 is divisible by 9 and N  is divisible by 9, so 
( )f N

 is also divisible by 9.  

Therefore f  is a mapping from M  to M . Furthermore, it is easy to see that f  is a 

bijection. 

From this, we deduce 
( )( )

2026

2 .99...9
N M N M

N N f N M
 

= + = 
.  

So the arithmetic mean of the numbers in M  is 

2026

2026

10 1
99...9 : 2

2

−
=

. 

Remark. This is a structural-symmetric thinking problem, not a quantity counting problem. 

The divisibility by 9 rule only plays the role of triggering the bijection. 

4. PEDAGOGICAL DISCUSSION 

Reality shows that many students have a tendency to “assign formulas” right from the 

beginning instead of analyzing the problem's structure. The consequence is that solutions are prone 

to errors in problems with many constraints. 

Practicing strategies like partitioning and bijections helps students: 

- Organize the solution systematically, 

- Reduce errors due to omission or double counting, 

- Increase the ability to self-discover solutions for new problems. 

When correcting exercises, instructors should emphasize not only the result, but the reason 

for choosing the strategy. 

5. CONCLUSION 

The paper has presented a strategic approach framework for counting problems, focusing on 

two typical directions: sample space partitioning and bijection construction. This approach helps 

clarify the cognitive essence behind the solution, and simultaneously has clear pedagogical 

significance in undergraduate Olympiad training. The next development direction could be 
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expanding this strategic framework for other problem classes such as the inclusion-exclusion 

principle, generating functions, or dynamic programming. 
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