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ABSTRACT

This paper introduces the concept of the generalized ideal co-
transform, denoted by C'(M,N) which serves as an extension of

the ideal co-transforms previously developed by Tran Tuan Nam.
We investigate several fundamental properties of these modules,
particularly ~within the framework of Artinian modules.
Furthermore, we establish a rigorous relationship between the
generalized ideal co-transform and the generalized local homology
module through the isomorphism H,,(M,N)=C/(M,N). Our
results provide a dual perspective on the theory of generalized ideal
transforms and offer new insights into the homological behavior of
these structures.
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TU KHOA

Bai bdo nay gi6i thiéu khai niém vé ddi bién doi idéan suy
rong, duoc ki hiéu boi C'(M,N), diy dugc xem nhu mot sy
mé rong tir khai niém vé ddi bién d6i idéan duoc dua ra boi
Tran Tuan Nam. Chiing t6i cling nghién ctru mot s6 tinh chat
co ban cua 16p moédun nay cho truong hop cdc modun Artin.

Déi bién doi idéan;

Mbdun dong diéu dia phuong
suy rong;

Modun Artin;

Pbi ngiu.

Hon nita, chiing t6i ciing thiét 1ap mdi quan hé giita cac modun
d6i bién d6i idéan suy rong va modun dong didu dia phuong
suy rong thong qua dang cau H!,(M,N)=C/'(M,N). Cac két
qua cta ching toi cung cip mot cach nhin ddi ngau vé cac
modun d6i bién ddi idéan suy rong va ciing dua ra mot cach
nhin nhan méi vé tinh dong diéu cua cac cdu tric nay.

1. Introduction

Throughout this paper, let R denote a Noetherian commutative ring and | an ideal of R.
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Brodmann (Brodmann, 1998) introduced the notion of the ideal transform D, (M) of an R - module
M with respect to the ideal 1, defined by
D,(M)= limHom_(l',M).

The ideal transform functor has proved to be a fundamental and effective tool in the study of properties
of modules and ideals in commutative algebra. Various extensions and generalizations have
subsequently been developed. In particular, Nam and Tri (Tran Tuan Nam and Nguyen Minh Tri, 2014)
studied the generalized ideal transforms D,(M,N) of a pair of modules M and N, thereby broadening

the scope and applicability of the classical construction.
Motivated by duality theory, Tran Tuan Nam (Tran Tuan Nam, 2004) introduced the ideal co-transform

modules C'(M) of an R-module M , defined as the inverse limit
C/(M)= limTor*(1',M).

He established several basic properties of these modules under the assumption that M is linearly
compact. The ideal co-transform functor may be regarded as a dual analogue of the ideal transform and
naturally arises in the study of duality phenomena, vanishing results, and homological invariants
associated with ideals.
In the spirit of these developments, it is natural to consider generalized versions of ideal co-transforms
and to investigate their connection with generalized local homology modules. The interplay between
these two families of functors provides deeper insight into the homological behavior of modules with
respect to an ideal and extends the classical relationships occurring in local cohomology and local
homology theory.
The aim of the present paper is to introduce and study the generalized ideal co-transform modules
C/(M,N) in the setting where M is an Artinian R-module. The paper is organized as follows. First,
we introduce the definition of the generalized ideal co-transform as

C!(M,N) =limTor® (I'M,N).

Subsequently, we establish the long exact sequences for these co-transform modules. A central
highlight of our work is Theorem 2.3, which provides the relationship between the generalized ideal co-
transforms and the generalized local homology modules through the isomorphism
H',(M,N)=C'(M,N) for all i>1. These results extend the findings previously established by Tran

Tuan Nam (Tran Tuan Nam, 2004). Furthermore, the paper presents two results concerning generalized
local homology modules as following:

H!(M,N), i=0,

Hi'(H}(M,N),N)E{O and Hi'(ﬂItM,N);{O' ?:O’

, i >0. 0 H'(M,N), i>0.

generalizing the work of Nguyen Tu Cuong and Tran Tuan Nam (N. T. Cuong and T. T. Nam, 2008).
We note, however, that these results are currently proven specifically for the class of Artinian modules.
Finally, we provide several results on the generalized ideal transforms for generalized local homology
modules.

2. Main Results
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Throughout this paper, R will always be a Noetherian commutative ring with non-zero identity.
Let 1 be anideal of R and M,N are R-modules. In (K. Divaani-Aazar and R. Sazeedeh, 2004), the

generalized ideal transform functor with respect to an ideal 1 is defined by
D,(M,—):@HomR(ltM,—).
In the natural way, we suggest the following definition.
Definition 2.1. Let I be an ideal of R and M,N are R-modules. The i-th ideal co-transform
C'(M,N) of M,N with respectto I is defined by
G/ (M,N) =limTor/ (I'M,N).

Especially, C}(M,N) is called the I - co-transform of M and denote by C'(M,N).

f g
Proposition 2.2. Let M be a finitely generated R-module, and 0—N"—->N-—>N’—0 be a short exact
sequence of Artinian modules. Then we have a long exact sequence of generalized co-transforms

fi gi
++—>C'(M,N)—>C/'(M,N)>C'(M,N") —---

fo Y%
..—>C'(M,N")—=>C'(M,N)->C'(M,N") > 0.

f s} ) .
Proof. From the short exact sequence 0— N"—>N—N'—0 gives rise to a long exact sequence for all
t>0

o> Torf(I'M,N") = Tor? (1I'M,N) = Tor* (1'M,N") — -
SI'M®,N' 5> I'M®, N> I'M®, N"—0.
Since N is Artinian and M is finitely generated, the modules in the long exact sequence are Artinian.
Note that the inverse limit exact on Artinian R -modules by (R. Hartshorne, 1977). Therefore, we have
the long exact sequence of generalized ideal co-transforms. o
The following theorem gives us the relation between the generalized local homology modules
H!(M,N) and the I -co-transforms C'(M,N).
Theorem 2.3. i) Let M be an Artinian R-module and R-module N such that Tor®(M,N)=0 for all
i>1. Then H/,(M,N)=C/(M,N) forall i>1.
if) If M is an Artinian R -module, then there is an exact sequence of modules
0—-H,/(M,N)->C'(M,N) >M®N = A, (M,N) —>0.
Proof. i) For any positive integer n, we have the short exact sequence
0—>I1"M ->M —>M/1"M —0gives isomorphisms Tor", (M /1"M,N)=Tor?(1"M,N) for all i>1, since
Tor®(M,N)=0 forall i>1. Thus we have conditions to prove.
ii) From exact sequence above induces an exact
0> Tor*(M/1"M,N) > I"M ®, N >M ®, N >M /1"M ®, N —0.
By (C. U. Jen, 1972), we have an exact sequence
0—H/(M,N)->C'(M,N) >M®&N = A, (M,N) —0.
Corollary 2.4. Let M be a projective R-module. Then the homomorphism :C'(M,N) >M ®N is an
isomorphism if and only if H; (M,N)=A,(M,N)=0.
Proof. The result is deduced from exact sequence of Theorem 2.3 (ii).
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Corollary 2.5. Let M be an Artinian R—module and N is R-module. There are two short exact
sequences
0—H,(M,N)>C'(M,N)>NI'M®N -0,

t>0

0>NI'MAON->MON—4 A (M,N)—0.

t>0

Proof. The result is derived from Theorem 2.3 (ii) and combined with kerd,, =N 1'M ® N. o

t>0

Lemma 2.6. Let M be an Artinian R-module and N a finitely generated R-module. Then for all j>0

Hi'(H}(M,N),N);{S;(M’N)' ::g

Proof. By (Tran Tuan Nam, 2012), H{(M,N) is Artinian. Let L denote the Artinian module H;(M,N)
obtained above. Consider the inverse system {A} and the canonical projection maps

7,:L— A . For each t there is an exact sequence 0 —» K, -»L—=—>A —0, where K, =ker(z,). By the

standard description of the 1 -adic filtration on an inverse limit of the form limA we have K =1L

(compare the discussion in Cuong-Nam (Nguyen Tu Cuong and Tran Tuan Nam, 2001) and Mahmood
(W. Mahmood, 2019) for the two-variable set-up. Consequently L/1'L = A for each t.
Now apply Tor®(—, N) to the short exact sequence 0 —I'L—>L—L/1'L—0. For fixed t the low-
degree exactsequence is
Tor*(L,N) > Tor? (L/ 1'L,N) > I'L®; N > L®, N —(L/1'L)®; N —0.

Passing to the inverse limit in t and using that the systems {Tor?(L/1'L,N)}, and {(L/I1'L)®, N},
satisfy the ML property (because the A are Artinian and transition maps are surjective), we obtain the
exact sequence:

OeﬁﬂlTorlR(L/ I'LN) = (imL/1L) ®, N — lim((L/ I'L) ®, N) 0.

But since L=IlimL/I'L and the lim" term vanishes under our ML hypotheses, the middle map identifies

e A

L®, N with lim(L/I'L®, N)=A,(L,N). That is, the completion map L®, N —>A,(L,N) is an

isomorphism onto its image and the derived lim" obstruction vanishes. In particular the lim'-term

which would give H, (L,N) is zero, hence H, (L,N)=0. Finally, applying the same limit analysis in

higher Tor degrees shows that limTor?(L/1'L,N)=0for all i>0. ThusH/(L,N)=0 for i>0, while in

degree 0 we have by definition
He(L,N)=lim(L/I'L®; N)=A,(L,N)=L.

Combining these equalities yields the claimed identities
Ho(H!(M,N),N)=H!(M,N),  H/(H](M,N),N)=0(i>0),

completing the proof. o
Lemma 2.7. Let M be an Artinian R-module and N a finitely generated R-module. Then we have
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H‘I(gltM’N)E{ﬁ;(M,N), ::g

Proof. Set K := N 1'M. Consider the short exact sequence

t>0
0>K——M—25M/K—0. (*)
For each t >0, reduction modulo I' gives a short exact sequence
0K/ I'K>M/I'M 5> (M/K)/ 1Y (M/K)—>0. (%)
Since K= 1"M, the natural map (M/K)/1'(M/K)—M/1'M is an isomorphism. Hence for each

u>0
j=0,Torf(M/K)/1'(M/K),N)=Tor?(M/1'M,N),and therefore

H{(M/K,N)=H;(M,N) forall j>0. (1
Apply Tor® (-, N)to the short exact sequence (x,). Using that the inverse systems {Tor®(M /1'M,N)},
and {Tor®(K/1'K,N)}, are Artinian Mittag-Leffler systems (W. Mahmood, 2019), the functor lim is
exact on these systems and we obtain an exact sequence

o> H (M,N) > H'(K,N) > H'(M,N) > (2)

When i=0. From (2) we obtain

- H (M,N) = H} (K,N) - H; (M,N) —0.
But HA(M,N)z!i_m(M/I‘M ®, N) and using (1), H)(M,N)=H,(M/K,N). Since KcI'M for all t,

every element of K/I1'Kmaps to 0 in M/I'M, so the map H;(K,N)—H,(M,N) is zero. Thus
H, (K,N)=0. Case i>0. From (2) and (1) we obtain an exact sequence

o> HL (MK N) > H (K,N) > H!' (M /K,N) -
A standard diagram chase using the long exact sequences derived from () together with the Mittag-
Leffler property, shows that the connecting maps are zero for i>0, hence the middle map is an
isomorphism. Therefore, for i>0, H'(K,N)=H'(M/K,N)=H/'(M,N).Combining the two cases
proves the Lemma. o
Proposition 2.8. Let M be an Artinian R—module and N a finitely generated R-module. Then

i) C'(H'(M,N),N)=0, forall i>0.
ii) C'(ﬂTorOR(I‘M,N),N =~C'(M,N).

iii) C'(M,N)=C'(C'(M,N),N).

iv) H'(C'(M,N),N)=H'(M,N) forall i>2.

V) A,(C'(M,N),N)=H,(C'(M,N),N)=0.
Proof. i) By (Tran Tuan Nam, 2012), H/(M,N)is an Artinian. Therefore frome the exact sequence of
Theorem 2.3 replace M by H/(M,N), we have an exact sequence

0— H, (H'(M,N),N) »>C'(H!(M,N),N) - H!(M,N) > A, (H! (M,N),N) —0.

Since  H/(H'(M,N),N)=0 and A,(H'(M,N),N)=H'(M,N) by Lemma 26, we get
C'(H, (M,N),N)=0.
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il) The second exact sequence of Corollary 2.5 and Proposition 2.2, we have an exact sequence
C/(A,(M,N),N)>C'"(NI'M ®N,N) > H/(M,N) = A, (H'(M,N),N) > 0.
t>0

In virtue of Proposition 2.2, we have C/(A,(M,N),N)=H}(A,(M,N),N)=0. Moreover,
C'(A,(M,N),N)=0 by (i), we get C'(ﬂToroR(I‘M,N),N =C'(M,N).
t>0

iii) The first short exact sequence of Corrollary 2.5 implies an exact sequence
C'(H/(M,N(N)—>C'(C'(M,N),N) >C'(NI'M ®N,N) —0.
t>0

From (i) we have C'(C'(M,N),N)=C'(N1'M ® N,N), which together with (ii) implies (iii).
t>0

iv) The first exact sequence of Corrollary induces a long exact sequence of
local homology modules

> H/(H, (M,N),N)—)Hi'(C'(M,N),N)—>Hi'(ﬂ|t|\/| @N,N)_,..,

t>0

Since H/(H, (M,N),N)=0 for i>2, by Lemma 2.6, we have an isomorphism
H/(C'(M,N),N)= Hi'(ﬂ I'M ®N,N).
>0

Thus (iv) follows by 2.5, (ii).
v) Follows from Corollary 2.4. o
3. Conclusion

In this paper, we introduced the notion of generalized ideal co-transform modules C'(M,N) in
the setting where M is an Artinian R-module. This construction extends the classical ideal co-
transforms defined in (Tran Tuan Nam, 2004) and provides a natural dual analogue to the generalized
ideal transform modules studied in (Tran Tuan Nam and Nguyen Minh Tri, 2014). We established
several foundational properties of the modules C'(M,N), including their behavior under inverse limits,

exact sequences, and completion. These results contribute to a better understanding of the homological
structures associated with an ideal.

A key contribution of the paper is the demonstration of a close connection between generalized
ideal co-transforms and generalized local homology modules. Specifically, we proved the
isomorphismH/,(M,N)=C'(M,N) for all i>1, which highlights a duality-type relationship between
these two functors. This result not only generalizes previously known special cases but also provides a
unified framework for analyzing local homological invariants through ideal co-transform techniques.
We expect that the generalized ideal co-transform modules introduced here will serve as a useful tool in
further investigations of duality phenomena, vanishing theorems, and homological behaviors of
modules with respect to ideals. Future work may explore applications to derived categories, completion
theory, and the interaction of ideal co-transforms with other local or global homological functors. Such
developments may shed additional light on the deeper structure underlying the homology and
cohomology theories of modules over Notherian rings.
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