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ABSTRACT

In this paper, we investigate the existence and uniqueness of solutions
for a class of fractional differential equations involving the Y—Caputo
fractional derivative. By transforming the original problem into an
equivalent integral equation, we construct an appropriate operator in
the Under suitable Lipschitz
assumptions on the nonlinear function F, the Banach and Schauder
fixed point theorems are applied to establish sufficient conditions for
the existence and uniqueness of solutions. The obtained results extend
and complement several known results in the theory of fractional
differential equations, while also clarifying the role of the Y—Caputo
fractional derivative as a generalized framework encompassing
various classical fractional derivatives. This study provides a
theoretical foundation for the application of fractional differential
models in describing memory-dependent phenomena arising in
physics, engineering, and biology.

space of continuous functions.
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TOM TAT

Trong bai bao nay, ching tdi nghién ciu sy ton tai va duy nhat
nghiém cta mot 16p phuong trinh vi phan phan thtr sit dung dao ham
¥—Caputo. Bing cach chuyén bai toan ban ddu vé mot phuwong trinh
tich phan tuong duong, chung toi xdy dung mot toan tir thich hop
trong khong gian ham lién tyc. Dua trén cac gia thiét Lipschitz d6i véi
ham phi tuyén F, cac dinh 1y diém bat dong Banach va Schauder duoc
ap dung nham thiét 1ap cac diéu kién du bao dam sy ton tai va duy
nhit nghiém cua bai toan. Cac két qua thu duoc mé rong va bd sung
cho mot s6 két qua da biét trong 1y thuyét phwong trinh vi phan phan
thr, dong thoi 1am rd vai trd ctua dao ham Y—Caputo nhu mot cong cu
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téng quat hoa nhidu dang dao ham phén thir quen thudc. Nghién ciru
nay gop phan cung cap co so 1y thuyét cho viée ap dung cac mo hinh
vi phén phan thur trong viéc mo ta cac hién tugng cd tinh nhd trong
vat ly, k¥ thuat va sinh hoc.
1. Gidi thi¢u
Nguédn gbc cta khai niém dao ham phén thir c6 thé dugc truy tim tr mot trao doi thu tir gitra
L’Hopital va Leibniz. Cu thé, trong thu ngay 30 thang 9 niam 1695, L’Hopital di dit cau hoi cho

n

Leibniz vé y nghia cta ky hi¢u % , von duge Leibniz dung dé chi dao ham bac » cia ham f (x) =x,
X

trong truong hop n 1a mot phan s6, vi du nhu » =% . Phan héi cua Leibniz, "Someday it would lead to

useful consequences", da khoi goi su quan tdm dén linh vuc nay. Tiép ndi y tudng do, nhidu nha toan
hoc sau nay da dong gép vao viéc phat trién cac dinh nghia vé dao ham phan tha, bao gdm
(Lacroix,1819), (Fourier, 1822), (Abel, 1823), va (Liouville,1832), ciing nhiéu ngudi khac.

Trong nhitng thap ky vira qua, linh vuc gidi tich phan thir va cac phuong trinh vi phan lién quan
da tré thanh mot chi dé nghién ciru thu hat sy cht ¥ dang ké trong cong dong toan hoc.

Trude su da dang cua cac khai niém dao ham phan tha, (Kilbas, 2006) da dé xuit mot dinh
nghia téng quat hon, duoc goi 1a dao ham phan thtr tong quéat ciia ham f theo ham . Pinh nghia nay
dugc biéu dién boi cong thuc:

v po[ LAY e
D" f(x) = (T—(x);] L7 (%),

trong do, 1"*%

a+

dai dién cho toan tr tich phan W-Riemann-Liouville tac dong Ién ham f theo ham ¥
(chi tiét xem Muc 1). Piém dic biét cua dinh nghia nay 1a viéc lya chon ham ¥ khac nhau sé dan dén
cac dang dao ham phéan thir cu thé khac nhau (Kilbas, 2006).
Trong bai b4o nay, chung toi xét bai toan sau:

{CD:;%(O =260+ F(L.E0), tel, (L)

Sa)=¢, R,

trong d6 a €(0,1),° D%¥&(¢) 1a dao ham phén thir P—Caputo duge xac dinh nhu trong Dinh nghia 2.2;
F:IxR—R va A la s6 khong am.
Trong xuyén sudt bai bdo nay nay, ching ta gia st raing ham F:/xR—>Rva F:/x/ —>R thoa man cac
gia thuyét sau:
(A1) Ham F lién tuc trén / ;
(A2) Tén tai hang sé duong M sao cho

\F(tm)—F(t,%)\SMM -,

,voimoi telva ¢,p, eR;

(A3) F=supF(t,0).

tel
Ky hiéu C"(Z,R)1a khong gian ctia tat ca cac ham s6 kha vi va lién tuc » lan tir  vao R, véi chuan dugc

dinh nghia nhu sau:

é:(n)

n-1
ven =2 e+l
i=0
trong d6 n =0, tacd C°(/,R)=C(I,R) va Il £l =max,_, | £(2)].
2. N¢i dung

2.1. Kién thirc chudn bj
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Muc nay trinh bay cac két qua co ban cuia giai tich phéan thir, gom dao ham va tich phan ¥—
Riemann-Liouville, ¥—Caputo, cing mét s6 bd d&, dinh 1y hd tro. Chi tiét chimg minh xem trong
Almeida (Ricardo Almeida, 2017), (Sousa, 2018) va (Oliveira, 2919) , (Pachpatte, 2001).

2.1.1. Gidi tich phén thir tong qudt
Pinh nghia 2.1. (Ricardo Almeida, 2017) Cho a > 0 va f 1a ham kha tich trén / va ¥ eC'(/) 1a ham
duong va don diéu tang sao cho W' (x)#0, vdi moi x e /. Tich phan phan thir va dao ham phan thir ¥—

Riemann-Liouville ctia ham £ ddi voi W duoc dinh nghia nhu sau:
| B
7 =——o | YO -V f(0)dt
aw SO F(a)L (O () =¥ ()" f(1)
va

a, ¥ 1 d ' na‘{‘ _ 1 1 n—a-1
D f(x) = (‘P'(x)a] o S = To—-a) —a)(‘l’( e j f YO (x)-Y@)" f(at.

trong d6 n=[a]+1.
Tinh chét 2.1. (Sousa va Oliveira [2]) Cho a>0 va B>0.Khi do, ta co
LV f ) =157 (%),
Pinh nghia 2.2. (Almeida [1]) Cho a>0,neNva f,¥ eC"(I)la hai ham sé sao cho ¥ 1a ham dwong
va don diéu ting sao cho W' (x)#0, voi moi xe/. Pao ham phan thir Y—Caputo bén trai cta f cip a

duoc dinh nghia nhu sau:

1 dY
CDzz,LP = In—a,‘l‘ : el ,
o S () =1, [—\P 0 dxj S(x)
1
trong do, n= {[a]+ , @&l
a, aeN.
Dé thuén tién, chung ta ky hiéu
=4
¥ (x ) d

Tir Dinh nghia 2.2, ta nhan thay rang: néu ¢ =meN, thi
DL f(0)= 1" ().

vanéu ae¢N thi

o 1 X 4 n-a— n
DY f(x)= Ti—a) I YO (x) =P @)™ S (0t
Trong truong hgp « €(0,1), ta dugc

‘DL f(x)=

m J ()= @) “f (D).

Pinh ly 2.1. (Almeida [1]) Cho f,‘PeC””[a,b].Khi do, ta co

(Y@= P@)™ Y
Toiloa) * @F —( w [ -way- f (1)dt.

Vi du 2.1. Xét ham s6 sau:

CDaLPf( )

fx)=(¥x)-¥@)"", f>n.
Vi
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X02)

Y(x)-Y(a))’ .
T(p- )(() (@)

1) =

V61 a>0,ta coO

C na,¥ (\P(x) - ly(a))"*d [n] n—a 4
D=y @ +—F o [ @) —w@y = i @ar.
Thyc hién phép déi bién u=— D= . dioc
W(x)—Y(a)
L'(p)

DY f(x )— (P(x)=¥(@)” " B(n—a,f-n),

—a)'(f—n)
trong d6, B(x,y)= jolff-'(l —6ydt, x,y>0.
Tir vi du trén, ta c6 thé théy vol n<keN,tacd

k!

‘DY (Y(x)-Y(a) = m

(P(x) =¥ (a)) .

Mat khac, voi n>k e N, ta cling co
‘D (P(0) - ¥(@) =0,
vi
Dl (¥ (x)—Y(a))* =0.
Mobi quan hé giira dao ham phan thir ¥— Riemann-Liouville va dao ham phén thi ¥— Caputo.
Pinh Iy 2.2. (4imeida [1]) Néu f eC'[a,b] vd a >0, thi
‘D" f(x)=D" {f (x) = ;%(‘P(X) ~¥(a)" £y (a)}-

B6 dé 2.1. (Almeida [1]) Cho >0 va B>1.Khi dé, cac diéu sau ddy thoa min
12 () -y(@) = (ﬂ ) (W( -y (@)
va
D -y @) =P (0 vy
L(p-
Mobi quan hé giira dao ham phan thi va tich phin phan thir.

Gidng nhu vi-tich phan c¢6 dién, dao ham phén thir Y—Caputo 1a mot phép toan tir nghich dao

trai ctia tich phan phan thir d6i voi ham . C6 thé thay trong dinh 1y sau:
Pinh ly 2.3. (4lmeida [1]) Cho f eC'[a,b] va a>0, ta co
DI ()= f ().
Nhung trong tong quét, dao ham phan thir W— Caputo 14 khong phai 1a mot phép toan tir nghich
ddo phai cta tich phan phan thir doi voi ham . Diéu nay dugc chi ra trong dinh 1y sau:
Pinh ly 2.4. (Almeida [1]) Cho feC"[a,b] va a>0,ta co

i“ (a)

127 (CDEY ) f(x) = f(x) - Z (Y(x) - ¥(a)".
Trong truong hgp « €(0,1), thi ta co

127 (C DY) f(0) = f(0) - f(a).
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DPinh ly 2.5. (Almeida [1]) Cho f,geC"[a,b] va a>0.Khi do, ta co

n—1

DY f(x)=" DL g(x) & f(x)=g(x)+ D¢, (P(x)~ ¥ (@),

trong do ¢, la cdac hang s6 bt ky.
2.1.2. Mgt vai két qua bo tro
Trong muc ndy, chiung t6i nhic lai mot sb b dé va dinh 1y ding dé ching minh cac két qua
chinh cua bai bao nay.
B6 dé 2.2. (Sousa va Oliveira [3]) Cho W e C'(I)1a ham duong va don diéu ting sao cho W' (x) =0, véi
moi x e/, u(f) va ) 1a cac ham s kha tich trén I, va we C(Z,R).Gia st v va w 1a hai ham s6 khong am
va tang trén /. Néu
u(t) <v(t) + w(t) j Yl (1, s )u(s)ds,
thi
u(t) VOB, (WO (@) (@) ).
trong d6 E_(z) 1a ham Mittag-Leffler dugc dinh nghia nhu sau:

Ea(z)ziz—), a>0,keN.
Bo dé 2.3. (Pachpatte [4]) Cho u,v,c e C(I,R,) va h(r)1a ham s6 lién tuc, khong 4m va ting trén 1. Néu
u(t) < h(t) + j v(s)[u(s) + j c(‘r)u(r)dr} ds,
thi ta c6
u(t) < h(t)[l + J:v(s)exp( j:[v(r) + c(r)]dr)ds} voi tel

Pinh ly 2.6. (Khamsi va Kirk [5]) Cho X la khong gian Banach va A c Xla mot tap con dong, khac

rong. Gid sir y,>0,n=0,1,2,...1a mét day sao cho 27/,1 hoi tu. Néu énh xa U: A—> Athéa man bdt dang
n=0

thire sau:
U'u-U"y

Vi méi n=0,1,2,... va u,ve A.Khi d6, anh xa U c¢é diém co dinh duy nhat . Hon nika, day

<y, lu—vl,

(U"u, )", hoi tu dén diém cé dinh u"véi moi u, € A.
2.2. Két qud chinh

Dé chtng minh su ton tai va duy nhat nghiém cta bai toan (1.1). Trudc tién, chung toi ching
minh: bai toan (1.1) twong duong vdi phuong trinh tich phan.
B6 dé 2.4. Cho F 1a ham s lién tuc, va A1 hang s6 khong am. Khi d6, &eC'(Z,R)1a nghiém cia bai
toan (1.1) khi va chi khi & thoa man phuong trinh tich phén sau:

/A It yan
E)=¢&,+ % . Y (t,8)E(s)ds +%L‘P (t,S)F(S,f(S))dS, Vtel. (2.2)

trong do, Pl (t,8) =V (1) (P(t) - P(s))" .
Chirng minh. Gia st £ e C'(1,R)1a nghiém cua bai toan (1.1). Ta dat
H(r) = 26(t) + F(1,£(0)).
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Bai toan (1.1) dugc viét lai nhu sau:
‘D EWN=H(®).

Bang cach lay tich phan I ¥ ca hai vé cua phuong trinh trén va ap dung Dinh 1y 2.4, ta thu dugc
14" (DAY ) = 1%V H (D)

hay
S0~ &(a)=17"H().

Vi vay, ta co

At a L \a-1
EM)=¢,+ % . WY (t,5)E(s)ds + M) L‘P (t,s)F(s,f(s))ds,Vt el.

Nguoc lai, gia sir raing & e C'(Z,R)1a nghiém cta phwong trinh tich phan (2.2). Bay gio, ching ta chimg
minh & ciing 1 nghiém ctia bai toan (1.1). Lay dao ham €D*" hai vé cta bai toan (2.2) va ap dung Dinh
1y 2.4, ta thu dugc
D e =" Dt (15 )HE) = HO).
Diéu niy c6 nghia 1a
D" E(0) =H(®).

Do 36, ham ¢& la nghiém cua bai toan (1.1).

Pinh Iy 2.7. Gia st F thoa mén cac gia thuyét (A1)—(A3). Néu

(v -y (@) [2+M+F] <

r'(+a) b @3)

thi bai toan (1.1) c6 nghiém duy nhat trén /.
Chirng minh. Trudc tién, ta dinh nghia

B, ={&:1 > R|&(@) =&, R and sup|£(r) -,

trong d6 p thoa man

<pf,

( I'l+a) 3 1)_1'
(v -w(@)*(A+M+F)
Toan tr U:B, - B, duoc dinh nghia nhu sau:

p2¢,

2’ " \qa-1 1 " \qa-1
(Vo =¢, ") W1, 9)E(s)ds e j\}f (t,5)F(s,£(s))ds, Ve el (2.4)

Pé chimg minh dinh 1y nay, chung t6i sit dung dinh 1y diém bat dong Banach (Pinh 1y 2.6) va chia
thanh cac budc ching minh sau:

*USeB, voimoi Se B,.

+U:B, > B, la toan tir lién tuc.

«{U&,}” | hoity.

Budrc 1. Dya vao dinh nghia B va gia thuyét (A2), chiing ta c6 danh gia sau:

0| <|e0-¢,]+] & g,

+ <p+|E |, Viel, (2.5)
tu day suy ra

| F(s,&(9)) | <| F(s,&(5)) - F(s5,0)| +| F(5,0)|[< M | E(s)| +F <Mp+F, Viel (2.6)
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Thyc hién cac bién do6i co ban, ta dugc danh gia sau:

(e -¢,

a-1 1 f\qa-
F() P (ZS)Ie‘(S)IdHﬁL‘P (1,5)| F(s,5(s)) |ds

<A ()| EGs) ds +

1
I(a) e I'(a)
% Wl (t,5)| F(s,&(s)) — F(s,0) |ds.
Két hop cac danh gia (2.5), (2.6) va (2.7), va ap dung B6 dé 2.1, ta duoc
Ap+|& D+Mp+F (p+[ S NA+M)+F B «
< P e (v®)-v@) <p (2.8)

Tu day, tasuyra USe B, voimoi SeBB .

j;\ya-l (t,5)| F(s,0) |ds 2.7)

| P (¢, 5)ds <

Budc 2. Voi a<t <t,<bva {eB , ta co danh gia sau:

|(U&) @) - (U§><t>|<m(l [ (1) = 1,9)) ) = [ 1 5)E()ds |)

\m [ @) - (1, 5))(s, £(s))ds — —

(2.9)

ok j Y (t,,5) F(s,&(s))ds|.

Mac khac, tir (2.5) va (2.6) ta cling c6 cac danh gia

[ (" (1. =¥ (1,.) )| Es) s < (( ))<p 1€ D[ ) ~y(@) — () -w(a)];

(o)

FarnPHé Dy (t) -y (@)

[ ) () ds <
[} (P ) = ) | F(s £))ds | < =22 F( ) ( M(p+| €, )+ F)[(w(6,) (@) - () -y (a)°]
va
L \pya-1 r a
J e [ (s 0 [ < S (o] £ D+ )y

Ap dung bat dang thuc e —é <(¢ —e,)", trong d6 0<e,<e va ae(0,1),chung ta thu dugc danh gia

sau:

Mp+] &, D M(pt|S, D+ F

|(U§)(tz)_(U§)(tl)|S2[ I'a+1) I'a+1)

}(l//(tz)—l//(fl))“- (2.10)

Diéu niy c6 nghia 1a | ( Ué)(tz) —( Uf)(tl) | > 0khi ¢, > ¢, hay U la toan tur lién tuc.

Budre 3. Tiép theo, chung ta chimg minh d6i vdi moi m €{0,1,2,...} vamoi 7€ I,ta co

IU"e— UmEll, < (F(l My (y/(z) p@)"“lE= £, . (2.11)
Khang dinh nay c6 thé dugc ching mlnh bang phuong phap quy nap. D@ thdy rang trong truong hop
m=0, thi bt dang thirc (2.11) ludn dung. Thuc hién cac budc quy nap toan hoc, ta co

Iume—u Nl =l uum'e) - U(U’”‘lf) I

=& +max,, i )j\{!“ (6,5)| U E(s) U E(s) | ds (2.12)

+

! )maxteIJ- o (t,s)‘ F(s,U"&(s)) - F(s, U™ §(s))‘ds.
. )
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Theo gia thuyét (A2),v6imoi telva &, & e B va thuc higén cac tinh toan co ban, ta duge

IU'E-U'Ell, < A+M max,., | W (1,5)| E(s) - E(s) |ds
I'a) a

Ny (2.13)
< (g, s)ds ) Il E— ENl < I I
T ([ s)ds)lg-£1, < m (w(r) (@) I E=£,
V&i mdi m>2, tir gia thuyét (A2) va danh gia (2.12), ta ¢6
|Unen- v sl T Y[ 1) | U s5)- U™ E(5) | s (2.14)
Véi m=2, tir B6 d¢ 2.1 va (2.13), ta c6 danh gia sau:
A+M et o
U2 -V, < @) j\y Yt,s) I U'E-U'EN ds
_(army
b 2 I, Vtel.
T2 )(v/( -y (@) I E=ENl,, Vie
Gia str rang bat dang thirc (2.11) luén ding véi m =k >0, nghia la
I ng—ngno_( M)’ () -y @)=, . (2.15)

T'(1+ka)
Thi tir gia thuyét (A2), B6 dé 2.1, cac danh gia (2.12), (2.14), (2.15) va thyc hién céc tinh toan co ban,
ta thu dugc danh gia sau:

k+1 k+1 A+M 2 . .
10U g0 < ot [ ) T U - Ut ds
(2+Mm)" (2.16)
_ _ (k+D)ax _
SF(1+(1+k)a)(W(b) p(@) PN E=EN, Viel

Do d6, str dung phuong phéap quy nap, ta két luan bat dang thirc (2.11) diing véi moi m > 0.
Ngoai ra, néu ta dat

0

D V= Z(“ )(!//() w(a)™,

e R U
thi theo dinh nghia cua ham Mittag-Leftler va (2.11), ta thu dugc
1o vl < £,((A+ M)y &) -y @) ) &=l .
Chung ta théy tat ca cac diéu kién cta Dinh 1y 2.6 déu dugce thoa man. Do do, ta co thé két luan toan tur
U c6 diém cb dinh duy nhat 1a £°, nghia 14 bai toan (1.1) c6 duy nhat nghiém &
3. Két ludn
Trong bai bao nay, ching t6i da chirg minh sy ton tai va duy nhat nghiém cua phuong trinh vi
phan bac phan thtt Y—Caputo bang cach van dung cac dinh 1y diém bat dong Banach va Schauder duéi
nhitng diéu kién Lipschitz thich hop. Két qua dat dugc khong chi cing c¢b co so 1y thuyét cho céac bai
toan vi phéan phan thir ma con mé ra huéng nghién ctru ung dung trong cac mo hinh vat ly, k¥ thuét va
sinh hoc ¢6 chira thanh phan nho.
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